In order to predict productivity of multiple-fractured horizontal well in fractured reservoir, flow models of reservoir and hydraulic fractures based on the volumetric source idealization are developed. The models are solved by utilizing Laplace transformation and orthogonal transformation, and flow rate of the well is calculated by coupling the two models. Compared to traditional point source functions, volumetric source function has many advantages in properties of function and programming calculation. The productivity predicting model is verified via an analytical ternary-porosity model. Moreover, a practical example of fractured horizontal well is studied to analyze the productivity and its influent factors. The result shows that flow rate of each fracture is different and inner fracture contributes least to productivity. Meanwhile, there are optimizing ranges for number, length, and conductivity of hydraulic fractures. In low-permeability reservoir, increasing surface area in contact with reservoir by increasing number and length of hydraulic fractures is the most effective method to improve the productivity.
Introduction
Hydraulic fracturing is widely applied to improve the productivity of horizontal wells. Analytical methods to predict the productivity of fractured horizontal well have become invalid tools to optimize the hydraulic fracturing and determine productivity of horizontal well. There are two main methods to accomplish the target, which are analytical flow models [1] [2] [3] [4] [5] [6] and source function (Green function) models [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] .
Analytical flow models such as triple-linear model [1, 2] and ternary-porosity model [3] were built to simulate productivity of fractured horizontal well. But these models are limited in application [17, 18] ; the triple-linear model is not accurate if the regions beyond the well tips control the well performance; the triporosity model could not simulate the properties of natural fractures very well.
In order to obtain more practical solutions, point source functions [19] [20] [21] for fractured reservoirs are developed to simulate pressure behavior and productivity. Application of source functions (Green's functions) is the main technique since Gringarten and Ramey Jr. [22] introduced methods to solve transient flow problems for the first time. They also studied the application of Newman's principle to transform 3-dimensional system into the product of three 1-dimensional systems. As for simplification, subsequent works have been focusing on point source functions which neglected the flow in source and its volume. Ogunsanya et al. [23, 24] pointed out that point source functions have computational problems and the no volume assumption may not be adequate in some specific situations, and then they revisited the concept of volumetric source and presented a new "solid bar source" model. Amini et al. [11] [12] [13] [14] developed distributed volumetric source (DVS) model of homogeneous reservoirs and validated the applications in vertical well, horizontal well, and fractured vertical well with well-known existing solutions. Amini and Valkó [14] also demonstrated the application of DVS model in fractured horizontal well and emphasized advantages of the method for volumetric source. The solution of volumetric source model does not suffer from the problem of inherent singularity, and pressure can be calculated at any point. Meanwhile, it is more adjustable than point source solutions; the solution is always in the same form, no matter what the types of the source are. This study is focused on the derivation and application of volumetric source model which represents pressure behavior or productivity is generalized for fractured reservoir; a new steady volumetric source model is applied to calculate pressure drop in hydraulic fractures for finite-conductivity assumption. Laplace transformation and orthogonal transformation are adopted to derive the solutions of two models. Productivity of fractured horizontal well is calculated by coupling the two models. An example of fractured horizontal well is studied; factors that influence the well productivity are analyzed.
Volumetric Source Model
2.1. Assumption. The porous media are assumed to be dualpermeability reservoir whose shape is a box with closed boundaries, and the size of the reservoir is ( , , ). A volumetric source with strength ( ) produces oil in the reservoir, for which the central coordinate of the source is ( , , ), and the size is (2 , 2 , 2 ). Figure 1 shows the schematic of the system.
Mathematical Model.
In dual-porosity idealizations, Warren and Root introduced the dual-porosity model in terms of bulk properties. If represents an intrinsic property of medium = (matrix) or (natural fractures), then bulk property of medium is
where is the ratio of volume of medium , + = 1. Characteristics of the matrix and natural fractures system are incorporated by the storativity and flow capacity ratio is defined as follows:
The pressure drop in the matrix or fracture system from initial pressure is
Dimensionless directions and time are
Volumetric source model is
where ℎ ( , , )
( − 0 ) is Heaviside function:
2.3. Solution of the Model. Take Laplace transformation in model (5):
Volumetric source model after transformation is
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Corresponding to model (9) , define the orthogonal transformation as
Inverse transformation formula is
where characteristic function of the orthogonal transformation is , , ( , , ) = cos cos cos ,
characteristic value is
and norm of characteristic function is
After orthogonal transformation, the solution of the model is
Applying the inverse transformation formula (12) , volumetric source function in Laplace Space is
where source ( , , ) presents pressure drop at arbitrary point ( , , ) when volumetric source is created with unit strength
Flow Model of Hydraulic Fracture

Assumption of Flow in Hydraulic
Fracture. The length of hydraulic fracture is , height is , and width is . The flow in hydraulic fracture only occurs on the plane of the fracture. Oil from reservoir flows into the well through the hydraulic fracture immediately, and the pressure of hydraulic fracture recovers to reach balance at each time step.
Divide hydraulic fracture into × segments ( segments in direction and segments in direction, both and are even which is shown in Figure 2 ). The th segment is described as source, , in which central coordinate is ( , ), total rate is , , and volume is ( = 2 , × 2 , × ). The central coordinate of horizontal well which intersected by the hydraulic fracture is ( , ), and the volume is ( = 4 2 × , = √ 2 /4).
Pressure Drop in Hydraulic
Fracture. For each time step, pressure drop in hydraulic fracture is
where ,ini ( ) is the average hydraulic fracture pressure at time .
Assume that only the th segment source, flows to the well; flow model of hydraulic fracture is
where 
Corresponding to model (20) , the orthogonal transformation is defined as
inverse transformation formula is
where characteristic function of the orthogonal transformation is
Through application of the inverse transformation formula (23), pressure drop in hydraulic fracture is
where
Pressure difference from arbitrary point of hydraulic fracture to the well is
According to the superposition theory, when all the segments of hydraulic fracture flow to the well, pressure difference from arbitrary point to the well is
.
Take Laplace transformation to (31); the pressure difference in Laplace Space is
Productivity of Fractured Horizontal Well
The th hydraulic fracture is divided into ( × ) ( ) segments, and the size is (
volumetric source exists in the reservoir, matrix of each source's rate in Laplace Space is q = ( 1 , 2 , . . . , ), 3D coordinate is (r 1 , r 2 , . . . , r ), and 2D coordinate is (r ,1 , r ,2 , . . . , r , ) .
According to the pressure drop caused by flowing in reservoir and hydraulic fracture, the problem can be written in the matrix formation as where b = ( , , . . . , ) ,
The matrix of each source's rate q can be calculated, and the total flow rate of the well in Laplace Space is
According to Stehfest algorithm, the flow rate of the well in real time space can be calculated numerically.
Influential Factors Analysis
Volumetric source function in this paper is generalized from the case in homogeneous reservoirs developed by Valkó and Amini [11] , and validation of volumetric source function has also been tested. In the paper, the volumetric source model will be verified by analytical flow model [6] . Table 1 shows the basic parameter values of this simulation. Figure 3 shows the schematic of the simulated example, five evenly spaced hydraulic fractures are distributed along the horizontal well, and each hydraulic fracture is divided into volumetric sources. Production-time relationship simulated by two methods is shown in Figure 4 , which shows great consistency except for the very beginning of production. As the analytical flow model was proposed based on linear flow assumption, the flow resistance is underestimated at the beginning of production, which leads to result of analytical flow model which is higher than the result of volumetric source models. Figure 5 implies that the contribution of each hydraulic fracture is different. Hydraulic fractures at the end of horizontal well dominate large portion of reservoir and have less interference with other fractures. Therefore, they have greater contribution than fractures in middle part. Ratio of flow rate shown in Figure 5 is defined as Ratio of flow rate = flow rate of hydraulic fracture total flow rate .
Factors of Hydraulic Fractures.
In this subsection, influences of factors of hydraulic fractures on productivity are analyzed. In order to reveal the effects of hydraulic fracture and reservoir factors, incremental rate (IR) and ratio of cumulative production (RCQ) are adopted:
where represents factor value, such as value of number or length or conductivity; 0 represents the minimal factor's value simulated; CQ represents cumulative production of horizontal well. With increasing number, the flow rate increases rapidly at the beginning, but interference between hydraulic fractures shows up earlier, and flow rate decreases faster with time. Figure 6 presents the ratios of cumulative production and increment rate for different number of hydraulic fractures. As illustrated, increment rate is less than 0.1 as the number of hydraulic fracture exceeds 4-5; cumulative production is more than 3 times larger than that of a single hydraulic fracture. Figure 7 reveals effect of length on productivity of horizontal well. One of the major advantages of hydraulic fracturing is increasing the surface area in contact reservoir. For a certain number, it is accomplished by increasing the length of hydraulic fracture. Result shows that increment rate is less than 0.1 if length of hydraulic fracture approaches 250 m.
Another mechanism for hydraulic fracturing to improve productivity of horizontal well is creating high-conductivity flow path. In this case, conductivity should remain at 20 cm ⋅ m 2 -30 cm ⋅ m 2 (see Figure 8 ). Comparing the results of Figures 6-8 , it is obvious that the increasing number improves productivity most significantly, while increasing conductivity improves the least. In unconventional reservoirs, flow capacity of reservoirs may be not sufficient to supply the hydraulic fractures to its full flow capacity. Therefore, higher conductivity of hydraulic fractures is undesirable once basic flow capacity of reservoir is achieved. The simulated example reveals a clear method to design hydraulic fracturing by applying volumetric source model. For a real horizontal well, parameters of hydraulic fractures could be optimally designed by following the method.
Permeability of Reservoir.
Flow capacity of reservoir is the primary factor that affects designing of hydraulic fracturing, which is controlled by natural fractures in the dual-porosity idealization. Figures 9-11 show the effects of hydraulic fractures on ratios of cumulative production when permeability of reservoir is 0.001 m 2 -0.1 m 2 . When permeability of reservoir reduces the range of low-permeability, oil flows with more difficulty, and interference between hydraulic fractures will show up much later. Therefore, increasing the surface area in contacted reservoir seems more important, and the high-conductivity is less vital for hydraulic fractures, which can easily satisfy the flow capacity of reservoir. This outcome emphasizes the importance of improving contacted area when designing hydraulic fracturing.
Conclusions
(1) New volumetric source models of flow in reservoir and hydraulic fractures are developed to simulate the productivity of fractured horizontal well in naturally fractured reservoir, which is verified by analytical flow model.
(2) Compared with traditional point source functions, the volumetric source function brings many advantages. Firstly, it shows no inherent singularity, and pressure can be calculated at any point in reservoir. Secondly, it is more adjustable; the solution is always in the same form, regardless of the types of the source. Last, it is more convenient for programming calculation.
(3) A practical example is simulated to show the essence of productivity of fractured horizontal wells. Result shows that flow rate of each fracture is different and the inner fracture contributes least to productivity. Increasing number improves productivity most significantly, while increasing length is the second important factor, and increasing conductivity is the least.
(4) The defined parameters IR and RCQ could be employed to optimize number, length, and conductivity of hydraulic fractures. More and longer hydraulic fractures are required for lower permeability reservoirs, but larger conductivity is unnecessary. 
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